3-D co-geometry 2

1.  Given the equation of a straight line is givenas 2(x+2)=2(y—-3) =z + 1.
(a) Determine the vector equation of the straight line.
(b) Hence, find the coordinates of a point Q that lies on the straight line such that |0Q| = 3v2.

(a)z(x+z)=2(y—3)=z+1=>xT+2=E=ﬂ

The vector equationis r = —2i+ 3j — k + t(i +j + 2k).
(b)Let Q = (—2+1t,3+t,—1+ 2t) beapoint on the straight line.
00| =3V2=0Q?=18= (—2+t)2+ 3+ t)?+ (-1+2t)?=18=6t2 -2t —4=0

=3t2-t-2=0=Gt+2)(t-1)=0=t=-2,1

2’2’

Q = (_Z 3 _4) or (-1,4,1).

2.  Find the Cartesian equation of the plane passing through the points A(4,—1,3) and B(5,1,2) and
containing the line: r = 4i —j+ 3k + 1(3i — j + k).

AB=1i+2j—k
Direction of the given lineis v =3i —j + k

i j k
Normal of the required planeis N=ABXxv=|1 2 -—-1|=i+2j—-7k
3 -1 1

Together with point A(4, —1,3), the equation of the required plane is
1x—4)+2(y+1)—-7(z—3)=0 or x+2y—7z+19=0

3. The position vectors of the points P, Q and R are i + 3k, 2i + 2j — k,i — j + k respectively.
Let the plane © contains the points P, Q and R.
(@) Find a vector which is perpendicular to plane m.
(b) Find the area of APQR.

(c) Obtain the Cartesian equation of plane 7.

(@ PQ=i+2j—4k PR=—j—2k

N [ A B ¢
n=PQXPR=|[1 2 —4|=-8i+2j—k ,whichisa vector perpendicular to plane n.
0 -1 -2



j

(b) Areaof APQR = ~|PQ x PR| = |-8i +2j — k| = >

() The normal of the plane is —8i + 2j — k and P(1,0,3) is on the plane.
m —8x—-—1)+2(y—-0)—(z—-3)=0
m8x—2y+z=11

Find the vector m; normal to the plane m;:r = (5i +j) + a(—4i +j + 3k) + B(j + 2k).

Write down a vector n, normal to the plane m,:3x +y —z = 3. Show that 4i + 13j + 25k is
normal to both m; and mn,. Given thatthe point (1,1,1) liesonboth m; and m,.

Write down the equation of line of intersection of m; and m, in the form of r = a + tb wheret
is a parameter.

The two directional vectors d = —4i + j + 3k, e = j + 2k are on the plane, hence the normal is
i j k

n=dxe=|-4 1 3|=-i+8j—4k
0 1 2

n,=3i+j—k

i j k
n,Xxn,=|3 1 -—1|=4i+13j+ 25k ,thus 4i + 13j + 25k isnormal to both n; and n,.
-1 8 —4

n, X ny = 4i + 13j + 25k is aline parallel to the line of intersection of m; and m,. Since (1,1,1)
lieson both m; and m,, it must line on the intersection line.
Therefore, the equation of intersection lineis r = (i +j + k) + t(4i + 13j + 25k) .

OA=i+j—2k OB=2i—j+kO0C=3i+j0D=2i+3j—-3k.

Point P divides the line AC in the ratio 2 : 1 internally.

(@) Show that ABCD is a parallelogram.

(b) Calculate the exact area of the parallelogram ABCD.

(c¢) Find the position vector P and the angle APB in degrees corrected to one decimal place.

@ AB=Qi—j+k)—(i+j—2k)=1i-2j+3k
DC=@Bi+j)—QRi+3j—3k)=i—-2j+3k
Since AB = DC , the opposite sides are equal and parallel, therefore ABCD is a parallelogram.

(b) AC=@Bi+j)—({+j—2k) =2i+2k
Area of the parallelogram ABCD

i j k
= |ABXAC| =1 —2 3|=|-6i+3j+4k|=(—6)2+32+42 =+61.
2 0 3




@Bi+j)+2(i+j-2k) _

(c) OP = §(5i+3j—4k)

PA = (i +j — 2k) — 7 (5i + 3j — 4k) = 5 (—2i — 2k)
PB = (2i —j + k) — 5 (5i + 3] — 4k) = (i — 6] + 7k)

16 1 1 16
PA:PB = |PA||PB|cos APB = — = (gx/ﬁ) (5\/_86) cos APB = cos APB = — =

angle APB = 127.6°

6.  Show that the lines with equations
r=7i—3j+3k+A3i—2j+k) and r =7i — 2j + 4k + u(—2i + j — k) intersect,
and find the position vector of their point of intersection.

The lines intersectif 7+3A=7-2u=31=-2u ..(1)
—3-2A==24+u=>upu+21=-1 ..(2)
3+A=4—u=>u+i=1 ..(3)
2)-3), 1=-2..(4
@13, u=3..(5
Since (4), (5) satisfy (1), equations (1) - (3) has a unique solution: A = -2, u = 3.
Therefore, the two given lines intersect.
The point of intersectionis 7i — 3j + 3k — 2(3i — 2j + k) = i + j + k orin Cartesian form (1, 1, 1).

7.  Given asphere x? +y? +z2 = 126
6y Find the equations of the tangent planes to the sphere when x =1 and y = 10.
(i) Find a point on the sphere that is farthest to the point (1, 2, 3). Hence, determine its
distance.

6y Method 1

Whenx=1andy=10, 12+ 10?2 +z2 =126 , z= —5o0orz = 5.

The points on the sphere are A(1,10,—-5), B(1,10,5)

For point A(1,10,—5) , the normal of the plane is N(1,10,—5)

Hence, the equation of the planeis 1(x —1) + 10(y — 10) = 5(z+5) =0
x+10y—-5z=126

For point B(1,10,5) , the normal of the plane is N(1,10,5)

Hence, the equation of the planeis 1(x —1) + 10(y —10) + 5(z—5) =0
x+10y+5z =126



(i)

Method 2 This method can be used for any surface other than sphere

Let f(x,y) =z= 4126 —x% —y?

The equation of the tangent plane to the surface z = f(x,y) at (X, Vo,2Zo) is given by
z — 2o = f,(X0,¥0) (x — X0) + f;(X0,¥0) (¥ — ¥o)

X
126-x2-y2 ’

y

Since f, =+ —_—
X 126—x2—y2

f,=7F

The equation of the tangent plane at A(1,10,—-5) is

1

z+5= V126-12-102 (

x—1)+ (y—10) or x+10y—5z=126

10
V126-12-102
The equation of the tangent plane at A(1,10,5) is

1

10 —
Z—5——m(x—l)—m(y—10) or X+10y+52—126

The line joining the point (1, 2, 3) and the origin is
x=1+ty=2+2t,z=3+3t
This line cuts the sphere, hence (1 +t)? + (2 + 2t)%2 + (3 + 3t)? = 126
t?+2t+1=9, t*4+2t—-8=0
t=—4ort=2
When t=—-4, x=-3,y= —6,z=-9.
Hence (-3, -6, -9) is a point on the sphere that is farthest to the point (1, 2, 3).
Its distanceis /(1 +3)2+ (2+6)2 + (3 +9)2 =414
Note that this distance is also the sum of the distances from (1, 2, 3) to origin and the
radius of the sphere =v1 + 4 + 9 + /126 = 414
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